This paper reports the tenth-order contributions to the g − 2 of the electron a e and those of the muon a µ from the gauge-invariant Set II(c), which consists of 36 Feynman diagrams, 
I. INTRODUCTION
The anomalous magnetic moment g−2 of the electron has played the central role in testing the validity of quantum electrodynamics (QED) as well as the standard model. The latest measurement of a e ≡ (g−2)/2 by the Harvard group has reached the precision of 0.24 × 10 −9 [1, 2] : 
At present the best prediction of theory consists of QED corrections of up to the eighth order [3] [4] [5] , and hadronic corrections [6] [7] [8] [9] [10] [11] [12] and electro-weak corrections [13] [14] [15] 
With this α the theoretical prediction of a e becomes a e (theory) = 1 159 652 181.13 (0.11)(0.37)(0.77) × 10 −12 ,
where the first, second, and third uncertainties come from the calculated eighth-order QED term, the tenth-order estimate, and the fine structure constant (2), respectively. The theory 
proving that QED (standard model) is in good shape even at this very high precision.
An alternative test of QED is to compare the α of (2) with the value of α determined from the experiment and theory of g− 2 :
α −1 (a e 08) = 137.035 999 085 (12)(37) (33) 
where the first, second, and third uncertainties come from the eighth-order QED term, the tenth-order estimate, and the measurement of a e (HV08), respectively. Although the uncertainty of α −1 (a e 08) in (5) is a factor 2 smaller than α −1 (Rb10), it is not a firm factor since it depends on the estimate of the tenth-order term, which is only a crude guess [17] . In anticipating of this challenge we launched a systematic program several years ago to evaluate the complete tenth-order term [18] [19] [20] .
The tenth-order QED contribution to the anomalous magnetic moment of an electron can be written as a 
2 (m e /m µ ) + A
2 (m e /m τ ) + A
3 (m e /m µ , m e /m τ ) , (6) where the electron-muon mass ratio m e /m µ is 4.836 331 71 (12) × 10 −3 and the electron-tau mass ratio m e /m τ is 2.875 64 (47) × 10 −4 [17] . The contribution to the mass-independent term A (10) 1
coming from 12672 Feynman diagrams may be classified into six gauge-invariant sets, further divided into 32 gauge-invariant subsets depending on the nature of closed lepton loop subdiagrams. Thus far, results of numerical evaluation of 24 gauge-invariant subsets, which consist of 2785 vertex diagrams, have been published [5, [21] [22] [23] [24] . The result of 105 vertex diagrams of Set I(i) has been recently submitted for publication [25] . Five of the subsets had also been calculated analytically [26, 27] . Our calculation is in good agreement with these analytic results.
In this article we report the evaluation of contributions of two gauge-invariant subsets, Set II(c) and Set II(d), which consist of fourth-order vertex diagrams containing vacuumpolarization subdiagrams of sixth order. The effect of insertion of a gauge-invariant set of closed lepton loops in an internal photon line of momentum q is expressed by the renormalized vacuum-polarization tensor of the form
where the scalar vacuum-polarization function Π(q 2 ) vanishes at q 2 = 0 on carrying out the charge renormalization. Evaluation of the contribution of the Set II(c) to the mass-independent term A (10) 1 is straightforward since an exact spectral function Π (4, 2) for the diagrams of Fig. 2 is known for the diagrams whose two lepton loops have the same mass [28] . However, evaluation of the mass-dependent term A function Π (4, 2) and insert it in the virtual photon lines of the Feynman-parametric integral of the forth-order anomalous magnetic moment M 4 .
For the Set II(d) an exact vacuum-polarization function Π (6) (see Fig. 4 ) is not known, although the Padé approximant is known to provide a good approximation [30] [31] [32] . We follow here primarily the approach [29] which utilizes the vacuum-polarization function Π (6) itself, instead of its spectral function. The calculation utilizing the Padé approximant of the spectral function is also carried out to provide an independent check.
Parametric representations of several vacuum-polarization functions are presented in Sec. II, where explicit definitions of functions are given. As an illustration of our approach, insertion of vacuum-polarization function in M 2 is presented in Sec. III. Insertion of Π (2) , Π (4) , Π (4, 2) and Π (6) in M 4 is described in Sec. IV. Although most results of Sec. II and Sec. III are concerned with quantities of low orders, they are needed in carrying out the renormalization of the tenth-order terms. In cases where the spectral function is available, we present alternative ways which provide a consistency check of the numerical work.
Application of these methods to Set II(c) and Set II(d) is described in Sec. V and Sec. VI.
Summary and concluding remarks are presented in Sec. VII. For simplicity the factor (α/π) 5 is omitted in Secs. II -VI. 
II. PARAMETRIC REPRESENTATION OF VACUUM-POLARIZATION FUNC-

TION
As is shown in Ref. [29] the second-order vacuum-polarization function can be written in the form
with
where z 1 and z 2 are Feynman parameters of leptons forming the loop, z 12 = z 1 + z 2 , and m 1 is the rest mass of the lepton.
As a preparation for constructing Π (4, 2) let us first construct the parametric integral of the fourth-order vacuum-polarization function Π (4) . It has contributions from one diagram P 4a and two diagrams P 4b of Fig. 5 .
The contribution of P 4a , renormalized at q = 0 but with subvertex divergences not yet removed, can be written as [29] 
where z 1 , z 2 , z 3 , z 4 are Feynman parameters for the electron lines and z a is that of the photon line and
Here z 23a = z 2 + z 3 + z a , etc., and λ is the (infinitesimal) photon mass.
This integral contains ultraviolet(UV) divergences arising from the vertex diagrams { 2,3,a} and {1,4,a}, which can be removed by the K 23 -operation and K 14 -operation [29] ,
respectively. The renormalized function Π
ren. can be written as
where
Π (2) is the second-order vacuum-polarization function given by Eq. (8), and L
is the UV-divergent part of the second-order vertex renormalization constant L 2 defined by the K-operation and L R 2 is the remainder including an infrared divergent part of L 2 .
The renormalized vacuum-polarization term coming from P 4b of Fig. 5 may be handled similarly by the K-operation [29] . It leads to
where B R 2 = B 2 − B UV 2 [29] and
V 0 and (dz) have the same form as in (11) .
The function Π (4,2) is obtained readily from Π (4) by insertion of the spectral representation of the vacuum-polarization loop
in the virtual photon line of Π (4) carrying momentum q. This equation can be regarded as a superposition of vector particles of mass 4m
, where m 2 is the mass of the inserted loop particle. The net effect is expressed as the replacement
For the second-order electron loop the spectral function is given by [29] 
From (10) and (18) we obtain
where x = q 2 , and D 0 and D 1 are given in Eq. (11) . V 0 and V have the form
Similarly, from (15) and (18), we obtain
where D 0 , C 0 and D 1 are given in Eq. (16), and V and V 0 are given by (21) .
In the same manner as in (10) and (15) the sixth-order vacuum-polarization function Π (6) (q 2 ) can be written in the general form [29] ∆Π (6) 
and D 0 is m times B 0 and D 1 , given in Ref. [33] . For simplicity K-operation is not shown explicitly. For the sixth-order vacuum-polarization diagrams P 6C and P 6D of Fig. 4 , which contain 4th-order lepton self-energy subdiagrams, the K-operation subtracts only UV-divergent parts δm UV 4a and δm UV 4b , which are different from the full mass-renormalization terms δm 4a and δm 4b . This causes no problem for the renormalization of vacuum-polarization function which has no infrared divergence. However, the fully renormalized formula is simpler if the residual mass-renormalization term δm
) are also subtracted. This subtraction is performed by the R-subtraction method introduced in Ref. [19] . We shall therefore include the Rsubtraction operation in Eq. (23) whenever it is needed.
III. INSERTION OF VACUUM-POLARIZATION FUNCTION INTO THE SECOND-ORDER ANOMALY
Before discussing insertion of vacuum-polarization (VP) diagram in M 4 , let us consider insertion in M 2 . The Feynman parametric representation of the second-order magnetic moment can be written in the form [29] 
where y 1 and y a are Feynman parameters of the electron line and the photon line, respectively,
and the rest mass of the open electron line (or, open lepton line) is chosen to be 1. The insertion of the vacuum-polarization function Π into the photon line a can be written as
following Eq. (18) . Comparing (27) with (17), we can write
This gives us a simple and transparent recipe for insertion of the vacuum-polarization function in the photon line a of M 2 :
This is identical with Eq. (5.8) on page 285 of Ref. [29] noting that
Note that this derivation requires only the analytic property expressed by the spectral representation. No actual knowledge of the spectral function is required.
Making use of Eq. (29) and the form of Π (2) (x) given by Eq. (8), M 2,P 2 can be readily written in the form
where y = y 1 , y a = 1 − y 1 , and V = V 0 − xG.
In the case P = P 4 , we obtain from Eq. (15)
where V 0 = z 1234 m 2 1 and V = V 0 − xG. K-operation (and R-subtraction) are not shown explicitly for simplicity. This corresponds to Eq. (5.20) in page 288 of Ref. [29] noting that
where V 0 is given in Eq. (24) . This equation, with m 2 1 = 1, corresponds to Eq. (5.32) on page 293 of Ref. [29] except that it includes R-subtractions besides K-operations for some diagrams.
IV. INSERTION OF VACUUM-POLARIZATION FUNCTION INTO A FOURTH-ORDER MAGNETIC MOMENT
The fourth-order magnetic moment M 4 , which consists of two parts M 4a and M 4b , has the form [29]
where (dy) = dy 1 dy 2 dy 3 dy a dy b δ(1 − y 123ab ), y 1 , y 2 , y 3 are Feynman parameters of lepton lines, y a , y b are Feynman parameters of photon lines, and
E 0 ,C 0 , N 0 , Z 0 , N 1 , Z 1 are functions of Feynman parameters defined for M 4a and M 4b , respectively. Their explicit definitions are given in pages 266 and 267 of Ref. [29] . The tilde oñ C 0 is introduced here to avoid confusion with C 0 introduced in the definition of Π. When a VP function is inserted into the photon line a by using its spectral function representation, the denominator V y is replaced by V y + y a R(z). In the case of the second-order VP function (29) directly. For the term proportional to 1/V 2 y we may rewrite the denominator using the
This leads to the structure of the form
For P = P 2 we have
which follows from Eq. (8) and
where V 0 and V are given by Eq. (33), and a,b means the sum of insertions of P 2 in photon lines a and b. Note that the structure of M 4 is largely kept intact by the insertion of Π.
For P = P 4 , where P 4 represents P 4a or P 4b , Π (4) (−V y /y a ) is given by Eq. (15) and its derivative can be written in the form
where, for
Similarly for P = P 4a . Substituting Eqs. (15) and (41) in Eq. (38), we obtain M 4a(P 4b ) , etc. To avoid overcrowding the K-operation is not shown explicitly.
A formula for P = P 4 (P 2 ), where P 4 represents P 4a or P 4b , can be readily obtained combining Eqs. (20) , (22), (38), and (41):
where V and V 0 are defined by Eq. (21).
In the case P = P 6 , where P 6 represents one of P 6A , ..., P 6H , we obtain a formula of the form
where Π (6) (−V y /y a ) is given by Eq. (23) and its derivative can be written in the form
As usual the K-operation and R-subtraction are assumed implicitly. The K-operation removes UV-divergent parts of divergent subdiagrams from M 4,P 6α , α = A, B, ..., H, etc.
Diagrams P 6c and P 6d contain fourth-order self-energy subdiagram so that they require R-subtraction in addition to K-operation. The resulting finite quantities are denoted as ∆M 4,P 6α , etc. In order to obtain the standard result renormalized on the mass-shell, further subtraction of UV-finite remainder must be carried out by the residual renormalization.
V. SET II(C)
For the Set II(c) it is convenient to treat the renormalization of UV divergences arising from two photons forming M 4a and M 4b and the renormalization of the vacuum-polarization function separately. The first step can be written as
where l 1 , l 2 , and l 3 denote the open lepton line, outer lepton loop, and inner lepton loop, respectively. The superscript l 1 is suppressed in M 2 and ∆B 2 since they are independent of the lepton mass. ∆B 2 is the finite part of the second-order renormalization constant defined
(See Eqs. (12) and (14) .) The vacuum-polarization function P 4(P 2 ) is fully renormalized whose divergence structure can be readily found by the K-operation.
A. Numerical results: (eee) case
The contribution of Set II(c) to the electron g −2 for the case (l 1 l 2 l 3 ) = (eee), where e denotes electron, has been evaluated from Eq. (42) by three different methods:
(a) A straightforward extension of the method developed in [29] , (b) Method based on the automatic code generating algorithm gencodevpN [25] , and (c) Use of an exact spectral function of Π (4, 2) given in Ref. [28] .
All calculations are carried out by the integration routine VEGAS [34] . Preliminary eval- Table I . The values of auxiliary functions ∆B 2,P 4(P 2 ) and M 2,P 4(P 2 ) are listed in Table II .
Substituting the numerical results of the integrals listed in Tables I and II 
We also calculated the contribution of Set II(c) using the exact spectral function of Π (4, 2) [28]. In this case ∆M (eee) 4a,P 4(P 2 )
, ∆M
(eee) 4b,P 4(P 2 )
, M (eee) 2,P 4(P 2 )
, and ∆B (eee) 2,P 4(P 2 )
in the right-hand side of Eq. (45) can be directly evaluated using the exact spectral function. The results are listed in the last two lines of Table I and in the fourth lines of Table II . The value obtained using the numbers in Table I and Table II is (35) which is in good agreement with (49). This shows that gencodevpN works correctly for Diagrams of Set II(c) contain two closed lepton loops, one within the other. We obtain mass-dependent contributions to the electron g−2 when one or both loops consist of muon or tau-lepton. The largest mass-dependent contributions come from the integral (45) with superscripts (eme) and then with (eem). Results of numerical integration are listed in Table III . The value obtained using the numbers in Tables III and IV 
and
Other mass-dependent terms of Set II(c) are listed in Table V .
C. Muon g−2: (mee)
The leading contribution to the muon g−2 comes from the case where both loops consist of electrons, namely, the (mee) case, where m stands for the muon. The value obtained 
We checked this result using the exact spectral function: When the inner and outer loops consists of muon and electron, respectively, the contribution is found to be smaller:
The contributions involving tau-lepton loops are summarized in Table VIII .
VI. SET II(D)
Following the same consideration leading to Eq. (45) of Sec. V we obtain
where l 2 designates the loop lepton. The vacuum-polarization function P 6 is fully renormalized whose divergence structure can be readily found by the K-operation. The renormal- Contributions to the muon g−2 from Set II(c) diagrams involving tau-lepton loops.
All integrals are evaluated in double precision. (m, t, t) −0.001 504 1 (19) ization formula for P 6 takes different forms depending on whether one follows the original K-operation prescription [29] or the K-operation plus R-subtraction method [19] . In the first approach the UV-finite part of fourth-order mass-renormalization term is not subtracted when P 6C and P 6D are constructed. In the second approach we subtract the mass-renormalization term completely, including the finite part ∆δm 4 , which leads to
The quantities in the right-hand-side of (58), ∆M 4i,P 6β , ∆B 2,P 6β , and M 2,P 6β are defined by the K-operation and R-subtraction. ∆LB 4 is the sum of the finite parts of the fourth-order vertex-renormalization constant ∆L 4 and wave-function renormalization constant ∆B 4 . See
Refs. [3, 4, 29] for the exact definition. Note that terms like ∆M 4i,P 6β include the multiplicity n F of Feynman diagrams that contribute to them.
A. Numerical results: (ee) case
Preliminary calculations of the (ee) case based on Methods (a) and (b) described in Sec. V A are consistent with each other within the uncertainty estimated by VEGAS. Therefore we list only the results of method (b) in Table IX. From this table and Table X we obtain
The Padé-approximated vacuum-polarization function of the sixth-order with a single fermion loop has been obtained in Ref. [30, 31] . This method gives both imaginary and real parts of the vacuum-polarization function. We use here only its imaginary part to calculate its effect on the anomaly. Numerical results of integration are summarized in Table. XII.
Substituting them into Eq. (57), we obtained which is in good agreement with (59). This provides another support for the validity of gencodevpN.
B. Numerical results: mass-dependent terms (em) and (et)
The value of the mass-dependent term (em) obtained using the numbers listed in Table XI is
As a check we evaluated the same quantity using the Padé-approximated vacuumpolarization function of sixth-order. The results are listed in Table XII . From these values We have not evaluated this term directly. But it will be of the same order as Eq. (63) and thus negligible numerically.
C. Muon g−2: (me)
The leading contribution to the muon g−2 comes from the case (me). The value obtained using the numbers in Tables XIII, X, while the same contribution obtained using the Padé approximant is 
VII. SUMMARY AND DISCUSSION
The total contribution to a e from the set II(c) is the sum of Eqs. 
Contributions of tau-lepton loop listed in Table VIII are less than the uncertainty of Eq. (68). The total contribution to a e from the Set II(d) is the sum of Eq. (59) 
The total contribution of Set II(d) to the muon g − 2 involving electron, muon, and with β = A, B, E, F, G, H are consistent with those in Ref. [5] . M 2,P 6β
with β = C, D in this table incorporated the R-subtraction [19] and differs from those in Ref. [5] . which is less than 1% of the leading contribution from the diagrams of Set VI(a) that contain light-by-light-scattering subdiagrams and vacuum-polarization subdiagrams [5, 36] . Hence, the new contribution does not alter the previous estimates: 
